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Session 3 : solutions

ExerciseI

Recall that

mih= sich(sich
a

-

then take B -> a (T -+d)

* for ho

cosh(ph) + tech sinh (h) -+ teph
-230

then

~ 1970 test e
= teee

limm(h) = 1 at Ta
h + ot

* for ho

cosh(h) + +e-
h

sinh (h) - -te-ph
then

~ (h) -e
e

=

eBj- ph
= - 1 IS



Exercise2

Remember that

F = <E) + kT < luP) =

= 2[-]Sisi-h[i]P(Si3) +

& Sib

+ bTPsib)P

By tracing over the variables that do not appear

in each term of the energy ,

we obtain for the

first term

SE :ESP-

How do we simplify the structure of
the probability ?

We postulate that

P(Se, . . .

.,
SN) = P(sw/Sn ..,

. . . Se)P(SN ,
. . .

,
52) =

= F(SwISn-1) P(Sn- , ...,
Se) =

-

So depends
only on So -



= P(SNISn-1) P(bn-ISn-z) -- . P(S(s , ) P(si)

↑
by iterating the argument

Now use

P(X(y) = P(x,y)/p(y) Bayes

to obtain

P(asi))P(Si, Six) (PSi))
2

n
= 1

--

here we added here we have
↑ (Sw ,

Sn+] added
, by necessity ,

= p(SN ,
S1) also p(s . )

periodic boundary
conditions

The entropy term becomes

5 P(Gib) [P(Si , Sit) - top(sil] =

↳Sil

=PK)hPsSit-P

= P(Si ,it)Pit its



then using p(Si ,
six) = PJS ,5') Fi

# = NE-3 ,

Sp
,-hp)

+ bT p(s, s') tup(s ,
s') - bosT p(s) tup(s)]

Now we use

P( +, + ) + p( - ,
- ) - p( , -) - p) - ,

+ ) = c correlation

p(t) = p(t ,+ ) + p(+, -) P( ) = p( , + ) + p- -)

↑ (t ,+ ) + p(t ,
-) - p) - ,

+) - p) - ,) = un magnetization

by symmetry p(+, -) = p) -

,
+)

and normalization ↑ (t ,+ ) + p7 ,
- ) + zp(t ,-) = 1

then we have the system

P ++
+ P -

-

-

2Pt- =

S P+ +
+ p-

+ 2p+-

= 1

P+ +
- P- -

= m

=> Pt - = +) - x)

S
PA+

+ p- - = t(1 + c)
=x)

P+ +
= +(1+ ) + +m

P+ +
- P- -

= m P-

- &(1+ 2) - tu



Thus we have

Pt- (1 -c P+
= m

S P++= (1 + x) +tm
P = =

P - -

= (1 +c) - Em

The free energy is then

E = f =
- xc - hm + bTT)(+ a) += m) (u(+ (1+x) +=m) +

- ( (1 + s) - [m)h) (n + c) -zm) +

-2 ( - c) h) - s))) - bost[Eenth
Now we must minimize with respect to m and c

= -J +kat() + (m) + G +

-> th(t (ns) - (n) + * - th((( -c)- ]=

=
- 3+ [(( + c))" - 4 m2]-( ( - c) = 0

f =
- h + kot[h(( + a) + + m) +t - th(( + c) -t m) +

-E]-bT[the-th] =



= -helth-b
Putting the two equations together :

- 3+ [(( + c))" - ( m2]-( ( -c) = 0

S
- h +Thm-b

&line
Using the second equation we get

=zm
and plugging it back into the first equation we obtain ,

after some tedious but trivial calculations
,
that

m=sinhhB
which is identical to the exact solution obtained using the transfermateix

(after some lengthy rearrangements)



ch(Bh) + sh(bh)m
1 + C = 2m-

Sh(Bh) + ch(h)m

C = zu-
ch(Bh) + sh(Bh)m2 - c = 2 - 2m-

sh(Bh) +ch(Bh)n

=mshmsch,

2 + )2- ym2 =

=[hdc =

2 - m2
=

smdimichstus



dieslin + duch un
-(2-c)= 6 - G2 + mishdin+ zdshas

- Interne

1- unt

amutechst

= e483433

"C -m2) = eSB3shchi + Ishm +

+ m2(c+Shu + zchshm) +

- zm (c + shm) (sh + dem))



"C -m2) = eSB3shchi + Ishm +

+ m2(c+Shu + zchshm) +

- zm (c + shm) (sh + dem))
m2(cm2) = eP54sh- Chimbeshm-zuchsh - zwich"

+

- zmish zulich +

- michtwish t much sch I

m2(1- m2) = eB> [msh + m2-sh + stil =

= eBay stim - zmigh ? +sh = a gm2 -1)

m2(1 - un2) = eSBS Jo-v2)2 stiges

m2 = eBDsh(h) -m2)

m2 [1 + ePghh(h)] = e4 shiph

-shesh


